Abstract. The problem of classification of real and complex singularities was initiated by Arnol'd in the sixties who classified simple, unimodal and bimodal w.r.t. right equivalence. The classification of right simple singularities in positive characteristic was achieved by Greuel and the author in 2014. In the present paper we classify right unimodal and bimodal singularities in positive characteristic by giving explicit normal forms. Moreover we completely determine all possible adjacencies of simple, unimodal and bimodal singularities. As an application we prove that, for singularities of right modality at most 2, the µ-constant stratum is smooth and its dimension is equal to the right modality. In contrast to the complex analytic case, there are, for any positive characteristic, only finitely many 1-dimensional (resp. 2-dimensional) families of right class of unimodal (resp. bimodal) singularities. We show that for fixed characteristic p > 0 of the ground field, the Milnor number of f satisfies µ(f ) ≤ 4p, if the right modality of f is at most 2.
Introduction
We classify hypersurface singularities f ∈ K[[x 1 , . . . , x n ]] which are unimodal and bimodal w.r.t. right equivalence, where K is an algebraically closed field of positive characteristic. That is, the singularities have modality 1 resp. 2 up to the change of coordinates (or right equivalence, see Section 2.1). The notion of modality was introduced by Arnol'd in the seventies [2] , [3] , [5] into singularity theory for real and complex singularities. He classified simple, unimodal and bimodal hypersurface singularities w.r.t. right equivalence. He showed that the simple singularities are exactly the ADEsingularities, i.e. the two infinite series A k , k ≥ 1, D k , k ≥ 4, and the three exceptional singularities E 6 , E 7 , E 8 . The right simple singularities in positive characteristic were recently classified by Greuel and the author in [13] .
The main result of the present paper is the classification of unimodal and bimodal singularities w.r.t. right equivalence with tables of normal forms. Recall that a normal form is a modular family F (x, t) ∈ O(T ) [[x] ] (see §2), i.e. for each t ∈ T there are only finitely many t ′ ∈ T such that f t ′ ∼ r f t . Notice that, if F (x, t) is a normal form, then mod(F (x, t)) ≥ dim T for all t ∈ T . Our lists of normal forms for unimodal and bimodal singularities are given in §3. In contrast to the complex analytic case, there exist only finitely many r-dimensional normal forms for r-modal singularities for r ≤ 2. Moreover, we obtain that for a singularity f with modality at most 2, it Milnor number is bounded by a function of the characteristic. Precisely, we show in Corollary 3.7 that µ(f ) ≤ 4p.
As an application of the classification, we obtain that if f is simple, unimodal or bimodal singularity, then its µ-constant stratum is smooth. Consequently, we prove that right modality and proper modality coincide (see §2 for definitions). We conjecture that the equality holds in general, see Conjecture 2.2.
Section 4 is an outline of the proofs of the main results. The proofs are organized in the form of a singularity determinator, finding for every given singularities its place in the list of § 3, similar to Arnold's classification in [5] . We present an algorithm for determining the right class of a singularity in the form of 152 theorems. The main results are proved in Section 5.
Note that, for contact equivalence and for K = C, it was proved by Giusti in [10] that ADEsingularities are contact simple. The classification of contact unimodal singularities was achieved by Wall in [26] . Greuel and Kröning showed in [11] that the contact simple singularities over a field of positive characteristic are again exactly the ADE-singularities or the rational double points of Artin's list [6] .
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Modality
Modality was introduced by Arnol'd in connection with the classification of singularities of functions under right equivalence. It has been generalized to arbitrary actions of algebraic groups by Vinberg [18] . Wall [20] described two possible generalizations for use in other classification problems in singularity theory. Both geeralization are developed in detail by Greuel and the author ( [13] ) for any characteristic and it was proved that they coincide.
Right modality.
Consider an action of algebraic group G on a variety X (over a given algebraically closed field K) and a Rosenlicht stratification {(X i , p i ), i = 1, . . . , s} of X w.r.t. G. That is, a stratification X = ∪ s i=1 X i , where the stratum X i is a locally closed G-invariant subvariety of X such that the projection p i :
] the formal power series ring and let the right group,
] are called right equivalent, f ∼ r g, if they belong to the same R-orbit, or equivalently, there exists a coordinate change
, is the image of f in the jet space J k := m/m k+1 . We call f to be right k-determined if each singularity having the same k-jet with f , is right equivalent to f . A number k is called right sufficiently large for f , if there exists a neighbourhood
The right modality of f , R-mod(f ), is defined to be the R k -modality of j k f in J k with k right sufficiently large for f , where
] is called (right) simple, uni-modal, bi-modal and r-modal if its (right) modality is equal to 0,1,2 and r respectively. These notions are independent of the right sufficiently large k.
The second description is in relation with versal or complete deformation. Let T be an affine variety with its algebra of global section O(T ). Then a family f t (x) := F (x, t) ∈ O(T ) [[x] ] is called an unfolding (deformation with trivial section) of f over a pointed space T, t 0 if F (x, t 0 ) = f and f t ∈ m for all t ∈ T . A semiuniversal unfolding is given by
with λ = (λ 1 , . . . , λ N ) is the coordinate of λ ∈ A N and {x α1 , . . . , x αN } is a basis of m/m · j(f ). Note that from the exact sequence
we get N = µ + n − 1. Since m · j(f ) is the tangent space of the orbit of the right group R at f ( [8] ), N is the codimension of the orbit in m.
An unfolding F (x, t) over T, t 0 is called right complete if any unfolding H(x, s) over S, s 0 is isomorphic to a pullback of F after passing to someétale neighbourhood of S, s 0 , see [13] . An important property of the complete unfoldings is that they are sufficient to determine the modality, i.e. if F is a complete unfolding of f , then modality of f w.r.t. F ([13, Def. 2.5]) equals to modality of f , see [13, Prop. 2.12(ii)]. A semiuniversal unfolding of an isolated hypersurface singularity is right complete (see [14] for the analytic case and [13] for the general case). Consequently, we may define modality of f as follows: "Let f λ be a semiuniversal unfolding of f over A N , 0. If the set of singularities f λ ∈ K[[x]] (λ in some Zariski neighbourhood of 0 ∈ A N ) falls into finitely many families of right classes, each depending on r parameters (at most) then f is right (resp. contact) r-modal (at most)." Remark 2.1. (1) For convergent power series over the complex numbers it does not make any difference wheter we consider the semiuniversal deformation (without section) given by the Milnor algebra C{x 1 , . . . , x n }/j(f ) or the semiuniversal deformation with section given by m/m · j(f ). However, in positive characteristic we have to consider the latter (cf. [13] and 2.2).
(2) The difference between the classical versal and our complete deformation is twofold. First, we consider deformations over algebraic varieties and not just of the spectrum of a complete local ring (as for versal deformations). Second, we do not require the lifting property for induced deformations over small extensions (cf. [12, Ch.2]).
2.2.
Proper modality. In [9] Gabrielov showed in the complex analytic case that the right modality is equal to the dimension of the µ-constant stratum in a semi-universal deformation of f . This is not true in positive characteristic since
with char(K) = 3, is unimodal, but the dimension of the stratum µ = 3 into the semiuniversal deformation f + a 0 + a 1 y + a 2 y 2 , is equal to 0. In positive characteristic we need to consider deformations with section. Let f λ (x) := F (x, λ) be the semiuniversal unfolding of f with trivial section over affine variety A N , 0 with N = µ + n − 1 as above. We define the proper modality of f , denoted by pmod(f ), to be the dimension at 0 of the µ-constant stratum in A N :
See Corollary 3.9 for a partial result of the conjecture. Namely, if rmod(f ) ≤ 2 then pmod(f ) = rmod(f ).
Right unimodal, bimodal singularities and adjacency diagrams
In this section we present the result of our classification and adjacency diagrams of simple, unimodal and bimodal singularities.
3.1. Right unimodal singularities. Theorem 3.1. Let p = char(K) > 2. A hypersurface singularity f ∈ m 2 is right unimodal if and only if it is right equivalent to one of the following forms:
The classification is given in Table 1 .
The classification is given in Table 2 .
The classification is given in Table 3 . IV. n > 3. The classification is given in Table 4 .
A hypersurface singularity f ∈ m 2 is right unimodal if and only if n is odd and f is right equivalent to one of singularities in the Table 5 . Table 1 . Table 2 µ(g) Table 3 .
g is one of the singularities in Table 3   Table 4 . Table 5 .
A hypersurface singularity f ∈ m 2 is right bimodal if and only if it is right equivalent to one of the following forms
The list is given in Table 6 .
The list is given in Table 7 .
The list is given in Table 8 .
IV. n > 3. The list is given in Table 9 .
Theorem 3.4. Let p = char(K) = 2. A hypersurface singularity f ∈ m 2 is right bimodal if and only if it is right equivalent to one of the following forms I. n odd: The list is given in the Table 10 . II. n even: The list is given in the Table 11 . Table 6 . Table 8 .
g is one of the singularities in Table 8   Table 9 . Table 10 . 3.3. Adjacencies of simple, uni-and bi-modal singularities. In the following we give diagrams of adjacencies for all class of singularities in Table 1-7 . Moreover a singularity in these tables deforms only into classes listed in the diagrams. Recall that a class D of singularities is adjacent to class C, C ← D, if every f ∈ D can be deformed into an element in C by a deformation. That is, there exists an unfolding f t of f = f t0 over an affine variety T, t 0 and a Zariski open subset V ⊂ T such that f t ∈ C for all t ∈ V .
Theorem 3.5. Any singularity in Table 1 -11 deforms only into singularities given in the adjacency diagrams 1-15:
14.
The following corollaries follow from these theorems and concrete calculations.
Corollary 3.8. The µ-constant stratum of f is a linear space, and hence smooth.
Corollary 3.9. rmod(f ) = pmod(f ).
Singularity Determinator
In [5] Arnol'd supplied lists of normal forms which contain all the singularities with the modality number mod = 0, 1, 2, all the singularities with Milnor number µ ≤ 16, all the singularities of corank 2 with nonzero 4-jet, all the singularities of corank 3 with a 3-jet, which determine an irreducible cubic, and some other singularities. The proof of Arnol'd is organized as a determinator consisting of 105 theorems. We follow this scheme and organize our proof a singularity determinator of 152 theorems. This gives an algorithm finding for every given sigularity its place in the list of § 3.
Notations: ⇒ "implies". → "see". crk the corank of the Hessian off at the origin.
4.1. Singularity determinator in characteristic ≥ 5.
1. µ(f ) < ∞ ⇒ one of the four possibilities holds:
Corank 2 Singularities
Through theorems 4-73, f ∈ K[[x, y]]. 4. j 2 (f ) = 0 ⇒ one of the four possibilities holds:
. Through theorems 9-12, k = 1, 2, 3 for p > 7, k = 1, 2 for p = 7,k = 1 for p = 5. 9. j x 3 ,y 3k f (x, y) = x 3 ⇒ one of the four possibilities holds:
→ 12, 13, j x 3 ,y 3k+2 f (x, y) = x 3 → 13, 26. 10. j x 3 ,y 3k+1 f (x, y) = x 3 + y 3k+1 and 3k + 1 < p ⇒ f ∈ E 6k . 11. j x 3 ,xy 2k+1 f (x, y) = x 3 + xy 2k+1 and 3k + 1 < p ⇒ f ∈ E 6k+1 . 12. j x 3 ,y 3k+2 f (x, y) = x 3 + y 3k+2 and 3k + 2 < p ⇒ f ∈ E 6k+2 .
13. p = 5 and j x 3 ,y 5 f (x, y) = x 3 + ay 5 ⇒ one of the three possibilities holds: 
3 ⇒ one of the three possibilities holds:
3 + 27 = 0 and 3k < p ⇒ f ∈ J k,0 28. j x 3 ,y 3k f (x, y) = x 3 + x 2 y k , 3k < p and µ − 3k + 2 < 2p ⇒ f ∈ J k,q with q = µ − 6k + 2. 29. j x 3 ,y 3k f (x, y) = x 3 + x 2 y k , 3k < p and µ − 3k + 2 ≥ 2p ⇒ rmod(f ) ≥ 3. 30. p = 7 and j x 3 ,y 6 f (x, y) = x 3 + x 2 y 2 and µ < 18 ⇒ f ∈ J 2,q with q = µ − 10 > 0.
Series X 31. j 3 f = 0 ⇒ one of the six possibilities holds:
37. µ(f 2 ) < p ⇒ rmod(f ) = 1 and f ∈ Y r,s . 38. µ(f 1 ) < p and p ≤ µ(f 2 ) < 2p ⇒ rmod(f ) = 2 and f ∈ Y r,s . 39. j 4 (f ) = x 3 y ⇒ j x 3 y,y 4 f = x 3 y → 40,44.
Series Z
Through theorems 40-43, 5 < p and q = 1, 2. 40. j x 3 y,y 3q+1 f = x 3 y ⇒ one of the four possibilities holds:
→ 43, j x 3 y,y 3q+3 f = x 3 y → 49-53. 41. j x 3 y,y 3q+2 f = x 3 y + y 3q+2 , 3q + 2 < p ⇒ f ∈ Z 6q+5 . 42. j x 3 y,xy 2q+2 f = x 3 y + xy 2q+2 , 3q + 3 < p ⇒ f ∈ Z 6q+6 . 43. j x 3 y,y 3q+3 f = x 3 y + y 3q+3 , 3q + 3 < p ⇒ f ∈ Z 6q+7 . 44. p = 5 and j x 3 y,y 4 f = x 3 y ⇒ one of the three possibilities holds: j x 3 y,xy 4 f ∼ r x 3 y + xy 4 + ay 5 → 45, j x 3 y,y 6 f ∼ r x 3 y + y 6 + ay
5
→ 46, j x 3 y,y 6 f = x 3 y + ay 5 → 47. 45. p = 5 and j x 3 y,xy 4 f = x 3 y + xy 4 + ay 5 ⇒ f ∈ Z 12 . 46. p = 5 and j x 3 y,xy 4 f = x 3 y + y 6 + ay 5 ⇒ f ∈ Z 13 . 47. p = 5 and j x 3 y,xy 4 f = x 3 y + ay 5 ⇒ rmod(f ) ≥ 3. 48. p = 7 and j x 3 y,y 7 f = x 3 y ⇒ rmod(f ) ≥ 3. 49. j x 3 y,y 6 f = x 3 y ⇒ one of the three possibilities holds: 
4 ⇒ one of the three possibilities holds: with ∆ = 0, ab = 9 and therefore rmod(f ) ≥ 3.
Corank 3 Singularities
Through theorems 74-120, f ∈ K[[x, y, z]]. 74. j 2 f (x, y, z) = 0 ⇒ one of the ten possibilities holds: (i) r < p ⇒ rmod(f ) = 1 and f ∈ T 3,q,r , (ii) q < p ≤ r < 2p ⇒ rmod(f ) = 2 and f ∈ T 3,q,r , (iii) otherwise (i) s < p ⇒ rmod(f ) = 1 and f ∈ T q,r,s , (ii) r < p ≤ s < 2p ⇒ rmod(f ) = 2 and f ∈ T q,r,s , (iii) otherwise ⇒ rmod(f ) ≥ 3.
.
Series Q
Through theorems 81-91, ϕ = x 3 + yz 2 , j * λ = j yz 2 ,x 3 ,λ , (λ is a polynomial). 81. j 3 f = ϕ ⇒ f ∼ r ϕ + α(y) + xβ(y), j 3 (α, xβ) = 0 → 82. Through theorems 82-85, k = 1, 2. 82. f = ϕ + α(y) + xβ(y), j * y 3k f = ϕ ⇒ one of the four possibilities holds:
84. j * xy 2k+1 f = ϕ + xy 2k+1 and 3k + 1 < p ⇒ f ∈ Q 6k+5 .
85. j * y 3k+2 f = ϕ + y 3k+2 and 3k + 2 < p ⇒ f ∈ Q 6k+6 .
86. p = 5 and j * xy 3 f = ϕ ⇒ rmod(f ) ≥ 3. 87. f = ϕ + α(y) + xβ(y), j * y 5 f = ϕ ⇒ one of the three possibilities holds:
89. j *
90. j *
91. p = 7 and j *
95. j * xy 3 f = ϕ + xy 3 ⇒ f ∈ S 12 . Through theorems 96-105, p > 5. 96. f = ϕ + α(y) + xβ(y) + zγ(y), j * xy 3 f = ϕ ⇒ one of the four possibilities holds:
100. j *
104. j *
108. f = ϕ + α(y) + xβ(y) + zγ(y) + x 2 δ(y), j * y 3k f = ϕ ⇒ one of the two possibilities holds:
110. f = ϕ + α(y) + xβ(y) + zγ(y) + x 2 δ(y), j * y 4 f = ϕ ⇒ one of the three possibilities holds: j *
112. j * xy 3 f = ϕ + xy 3 and µ − 13 < p ⇒ f ∈ U 1,q (q := µ − 14 ≥ 0).
113. j * xy 3 f = ϕ + xy 3 and µ − 13 ≥ p ⇒ rmod(f ) ≥ 3.
4.2. Singularity determinator in characteristic 2.
122. µ(f ) < ∞ ⇒ one of the four possibilities holds:
. 124. crk(f ) = 2 ⇒ one of the four possibilities holds:
2 y ⇒ one of the two possibilities holds: 
⇒ one of the two possibilities holds:
4.3. Singularity determinator in characteristic 3.
137. µ(f ) < ∞ ⇒ one of the four possibilities holds:
Corank 2 Singularities
Through theorems 139-146, f ∈ K[[x, y]]. 139. j 2 (f ) = 0 ⇒ one of the four possibilities holds:
, j 2 g = 0 ⇒ one of the three possibilities holds:
Corank 3 Singularities
Through theorems 147-151, f ∈ K[[x, y, z]]. 147. j 2 f (x, y, z) = 0 ⇒ one of the ten possibilities holds:
Proof of the main results
We first use the splitting lemma to reduce the number of variables.
with g ∈ m 3 and Q is a nondegenerate quadratic singularity (cf. [13, Lemma 3.9, 3.12] Classification of unimodal and bimodal singularities (Theorems 3.1-3.4): Applying Theorems 1-153 and the spliting lemma (cf. [13] ) we obtain the list of families of singularities in Tables 1-11 . The modularity of these families follows from simple caculations. To prove these singularities are unimodal resp. bimodal we use the theory of modality in [13] . See Section 5.4 for a proof that E 12 with p > 7, is a class of unimodal singularities. Lemma 5.1. If f is nonsingular, then f is right equivalent to one of the following forms Proof. Let C be the curve in P 2 defined by f . Take P ∈ Sing(C) and P = Q ∈ C. Let L be the line in P 2 connecting P, Q. Applying Bézout theorem we obtain that
Hence mt P (C) = 2 and mt Q (C) = 1. We may assume P = (0 : 0 : 1) and set g(x, y) := f (x, y, 1). Then mt(g) = 2 since mt P (C) = 2. It yields that g is right equivalent to one of the following forms xy + h(x, y), y 2 + h(x, y) with h(x, y) is a homogeneous polynomial of degree 3. That is, f is right equivalent to either xyz + h(x, y) or y 2 z + h(x, y).
It hence follows by simple calculations that f is right equivalent to one of the two forms
Lemma 5.3. If f is reducible, then it is right equivalent to one of the following forms
Proof. Let f = g 1 · g 2 with mt(g 1 ) = 1, mt(g 2 ) = 2. By the splitting lemma (cf. [13] )
with a, b ∈ {0, 1}. That is f ∼ r g 1 · (ax 2 + byz). Consider the following cases:
Without loss of generality we may assume moreover that
i.e. g 1 has the form g 1 = αx + βz.
• a = 0, b = 1: Then f ∼ r g 1 · yz. It yields that f is right equivalent to one of the forms
Hence f is right equivalent to one of the forms: x 2 y, xyz, x 3 + xz 2 .
Proof of Theorem 14. Let f ∈ K[[x, y]]
with p = char(K) = 5 and j x 3 ,y 6 f = x 3 + bx 2 y 2 + y 6 + ay 5 . We will show that f is right equivalent to f 0 := x 3 + bx 2 y 2 + y 6 + ay 5 , i.e. f is of type J 2,0 . In fact, put g := f − ay 5 , then j x 3 ,y 6 g = x 3 + bx 2 y 2 + y 6 . Applying [7, Thm. 4.4] we obtain that g ∼ r x 3 + bx 2 y 2 + y 6 . We can see moreover that there exists a coordinate change of the form
x → x + ϕ 1 (x, y), y → y + ϕ 2 (x, y) with mt(ϕ i ) ≥ 2 such that g(x + ϕ 1 , y + ϕ 2 ) = x 3 + bx 2 y 2 + y 6 .
It yields f 1 := f (x + ϕ 1 , y + ϕ 2 ) = x 3 + bx 2 y 2 + y 6 + a(y + ϕ 2 ) 5 = x 3 + bx 2 y 2 + y 6 + ay 5 + aϕ Then for all y ∈ Y we have
Lemma 5.5. Let f ∈ K[[x, y]] with char(K) > 3. Then rmod(f ) ≥ 2 + l with l ≥ 0, if either (i) f ∈ x, y 3+l 3 ; or (ii) f ∈ x 2 , y 3+l 2 .
Proof. We prove only for (i) since the proof for (ii) is similar. Let k be sufficiently large for f , i.e. rmod(f ) = R k -mod(f ). We denote 
we may define a multiplication on G, resp. an action map of G on X as follows
By a simple calculation we can verify that the morphisms ι : Y := x, y 3+l 3 /m k+1 ֒→ J k and π : Y → X satisfy ι −1 (R k · ι(g)) ⊂ π −1 (G · π(g)), ∀g ∈ Y.
Hence applying Lemma 5.4 we obtain that rmod(f ) = R k -mod(ι(f )) ≥ dim X − dim G = 2 + l.
5.4.
Computing the modality of E 12 . We shall show that E 12 is a class of unimodal singularities.
To compute the modality of a singularity we use the general argument in [13] , in particular, the following lemma. Assume further that the families h Proof. cf. [13] Proof for E 12 . Assume that f = x 3 + y 7 + axy 5 ∈ K[[x, y]] with p = char(K) > 7 and a ∈ K, is of type E 12 . We will show that rmod(f ) = 1.
In fact, by Theorem 3.5 (or, Theorems 1-9, 26, 27, 28), f deforms only into the following modular families E 12 , A k (k ≤ 6), D k (k ≤ 8), E 6 , E 7 , E 8 , J 2,0 , J 2,1 .
Hence it follows from Lemma 5.6 that f is right unimodal singularities.
